Chemiluminescence imaging was performed for premixed flames with natural thermoacoustic instabilities in a Rijke tube. The images were phase locked to the natural pressure oscillations in the tube. The use of proper orthogonal decomposition (POD) to identify phase-resolved flame fronts and flame surface area is reported. The flame front results compare favorably to an Abel transform for axisymmetric cases but also work well for cases with non-axisymmetric contributions. The flame area perturbations are compared to previous work using OH planar laser induced fluorescence. The relatively-simpler chemiluminescence approach finds the same flame surface area correlations versus pressure. Additionally, the modes from POD are used to compute local acoustic coupling via the space and time resolved Rayleigh index. It is found that one mode in the decomposition is spatially the same as the Rayleigh index and can be used to characterize the thermoacoustic coupling. This similarity is due to the mode's time constant replicating the phase of the tube's natural pressure oscillations.
INTRODUCTION 1.Thermoacoustic interactions
In an effort to lower emissions through reduced flame temperatures, combustors often burn premixed, fuel lean flames in compact environments. This type of combustor, which is typically used in land based gas turbine engines and in augmentors, can be plagued with naturally occurring thermoacoustic interactions that impede the performance of the engine. Thermoacoustic interactions in combustion can be defined as a coupling of the oscillating heat release from a flame with oscillating pressure and velocities within a combustion chamber. They occur naturally in combustion systems when the heat release fluctuations are in phase with the pressure oscillations as defined by the Rayleigh criterion [1] . Acoustic coupling is enhanced when the Rayleigh index, R, satisfies ,
where τ is the period of oscillation, p′ is the pressure fluctuation, q′ is the heat release rate fluctuation, and t is time [2] . Pressure oscillations in a combustor can lead to velocity oscillations that perturb the flame shape. Fluctuations in flame shape lead to changes in flame area which are directly related to heat release rate in a premixed flame. When the resulting heat release rate fluctuations are in phase with the pressure oscillations, thermoacoustic coupling occurs. Thus, the variations in flame surface area that occur as a result of thermoacoustic instability are important to understand the coupling. In the current study, chemiluminescence images of a thermoacoustically oscillating flame are examined, and principal modes of these images are shown to represent the local Rayleigh index. Thus, the spatial coupling of the heat release and pressure can be simply characterized. Thermoacoustic interactions have been the topic of much study as acoustic pressure in combustors can lead to fuel inefficiencies, blow off, increased NO x emissions, or damage to the combustor [3] [4] [5] . Initially at the onset of thermoacoustic instability, thermoacoustic coupling leads to a linear increase in acoustic pressure, as was studied by Fleifil et al. [6] . As the acoustic amplitude increases, however, the interaction becomes highly nonlinear. The non-linearity of these interactions complicates modeling and is an area of active research. For example, Dowling [7] developed a non-linear model based on saturation of a linear estimation of the pressure that did not incorporate detailed flame front shape during thermoacoustic coupling. Santosh et al. [8] and Preetham et al. [9, 10] developed a non-linear model for a flame front's response to a known velocity perturbation. The development of such models benefits from accurate measurements of the flame front perturbations that occur in practical combustors.
Many experimental studies have examined flames undergoing thermoacoustic interactions using chemiluminescence measurements to characterize the heat release rate. Typically, these measurements have been performed in a combustor with forced boundary conditions such that the velocity oscillations are imposed and not naturally driven by pressure oscillations. In these studies, the transfer function between oscillating heat release rate and the externally perturbed reactant velocity oscillation is often computed [11] [12] [13] [14] [15] [16] [17] . In each of these experimental studies, the acoustic field was forced on the flames by external speakers which modulated the velocity field.
Baillot et al. [18, 19] showed that a flame's local reaction to a thermoacoustic disturbance can result in a change in the flame shape by means of ripples in the flame front. They used chemiluminescence imaging to visualize the flame undergoing thermoacoustic interactions that were forced by means of a speaker. The flames were housed in a low-pressure chamber in order to thicken the reaction zone for easier flame front tracking and the flames were of conical symmetry [19] . Schuller et al. [20] developed a model that utilized the convective wave on the surface of a flame undergoing
forced thermoacoustic interactions. This model predicts the transfer function between an imposed velocity perturbation and heat release. A Rijke tube combustor, consisting of a tube open at both ends enclosing a conical premixed flame, was utilized in the present study to examine natural thermoacoustic coupling. The naturally occurring pressure and velocity oscillations are longitudinal in the Rijke tube and therefore primarily one dimensional [21, 22] . The pressure perturbation of the first harmonic, P', takes the form (2) where P is the pressure amplitude, x is the distance from the bottom of the Rijke tube, L is the length of the Rijke tube, ω is the angular frequency, and t is time [21] . The Rijke tube used in this study is the same as used in Kopp-Vaughan et al. [4] . A similar Rijke tube has been used by Ferguson [23] to study self-excited thermoacoustic interactions in premixed flames for several laminar flow rates, although no examination of the flame shape was presented. In the present study, imaging of the flame chemiluminescence from CH* is used to examine the detailed flame shape during the natural acoustic oscillations. Karimi et al. [24] reported detailed flame shapes via CH* chemiluminescence imaging in a conical flame, similar to the measurements reported here, except for forced thermoacoustic conditions. In their work, the flame shape was examined relative to the known imposed velocity perturbation. In the present work, the flame shapes are examined relative to the pressure oscillations in the Rijke tube since the velocity perturbations are not imposed.
Major objectives
An important parameter in understanding thermoacoustic interactions is the perturbation to the flame shape and flame surface area caused by the coupling that leads to oscillations in heat release rate. Many studies have shown flame shape perturbation under forced acoustic coupling, including ripples in the flame surface that advect up the flame [11-13, 15, 18-20,] , but only a few of these studies have presented quantitative analysis of the flame front shapes [11, 18, 19] . An example of flame surface advection is shown later in this paper. For forced acoustic coupling, the velocity perturbations are known and the response of the flame can be related to the fluctuating velocity field to describe the transfer function between a known acoustic source and the flame's response (typically heat release). For non-forced naturally occurring acoustic coupling, however, the velocity perturbation is not generally known. We have previously studied a naturallycoupled flame in a Rijke tube, similar to that of [23] , to measure the flame surface area and heat release rate fluctuations without imposing velocity perturbations [4] . The previous study related the fluctuating flame shape and heat release to pressure oscillations measured simultaneously. In a practical combustor, pressure is a more accessible measurement as compared to local velocities, thus characterizing the flame's natural response relative to the pressure fluctuation is of practical importance.
Our previous work used planar laser induced fluorescence (PLIF) of OH to measure the flame front phase-locked with the pressure oscillations [4] . The low repetition rate of the system (10 Hz) limited the measurements to flames undergoing very repeatable acoustic oscillations. This paper examines the use of simpler chemiluminescence imaging of a flame to extract flame surfaces and flame areas during natural thermoacoustic coupling. Chemiluminescence requires only a single direction of optical axis compared to two for fluorescence since no laser is required for excitation and can take advantage of high-speed cameras without the need for high-speed lasers. One major limitation with using chemiluminescence for characterizing flame surfaces is that line of sight integration through the combustor can make determination of the flame fronts difficult. Existing techniques to deconvolve the flame shape, such as Abel inversions, require known symmetry of the flame although this has been performed successfully for axisymmetric forced flames [11] .
This study uses proper orthogonal decomposition (POD) applied to chemiluminescence images in natural thermoacoustically-coupled premixed flames to measure flame front shape and surface areas. The measurements are applied to the same Rijke tube flames as examined in [4] . The current study shows that POD of the chemiluminescence images can be used to find flame fronts and flame areas. These flame shapes match those from an Abel inversion for cases where the flame is axisymmetric but also work in cases where the Abel transform fails due to flame asymmetries. The POD flame fronts recover the same relationships for flame area versus pressure as those found from OH-PLIF [4] and are also used to examine local Rayleigh index for the spatial shape of the thermoacoustic coupling.
POD background
POD was first applied to a study of fluid motion by Lumley et al. [25] for the modeling of turbulent flows. Since then it has been used in computational fluid dynamics studies in order to reduce the order of the model [26] . In thermoacoustic interactions, a non-reacting shear driven combustion instability was modeled using POD by Ghoniem et al. [27] . Past researchers have also used POD to study experimentally measured velocity fields [28, 29] .
Kostka et al. [30] used POD to study vortex shedding from a bluff body stabilized flame undergoing forced thermoacoustic interactions. The thermoacoustics were forced by a speaker and the bluff body shapes were changed to determine the shapes of the vortices in the shear layers of the flame. They showed that the bases of POD could be used to determine vortex shape and defined symmetric and asymmetric vortex shedding through their POD modes.
This study uses POD to examine flame front shape and surface area in chemiluminescence imaging of flames undergoing self-excited thermoacoustic interactions. POD is a useful technique for acoustically-coupled flames since prominent features of these flames are ripples caused by the thermoacoustic interactions. POD is shown to be capable of accentuating the rippled flame fronts and is especially applicable when an Abel transform is insufficient due to non-axisymmetric conditions or near the axis-of-symmetry where Abel inversion errors are maximum. These flame surface areas were found to have good agreement with those using OH-PLIF [4] .
Mathematical calculation of POD
POD is a statistical tool that can be used to find the most prominent features of a data set. In general, it can be used on single or multi-dimensional data in order to find trends in seemingly unrelated data or to reduce the order of a data set by reconstructing it from only its most prominent features. This study uses POD for the latter. Given a temporal sequence of images, the original data (OD j t ) is defined as: (3) where OD j t denotes the image intensity value at spatial location j (x,y) and time t, N is the total number of measurement points in the image (N = N x N y ), and M is the total number of time steps or total number of unique images. In the case of chemiluminescence images, OD j t is the image intensity of the j th pixel and the t th time step. The goal of POD is to find a set of orthogonal bases such that the original data set can be described by (4) where a j i represent the M mode shapes (the bases) and v i t are the eigenvectors that serve as weighting values for each mode during each time step. Note that all of the spatial information in the original data is represented by the modes, a j i , and all of the temporal information is represented by v i t . There can be many solutions to Eqn. 4 by selecting different bases sets including Fourier decomposition; however, Fourier decomposition assumes sine and cosine function for the bases, which requires a large number of modes to represent non-sinusoidal data. The power of POD for analysis of experimental data is the lack of necessity to guess a mode shape for the basis or the symmetry of the data. The orthogonal bases are found such that the inner product of the basis set and the original data is a maximum making the set the most compact representation of the data [26] .
These compact bases can be found from an eigenvalue problem of the form:
where C i t is the covariance matrix of AD j t [31] , is the average of the data images over time, and λ j is the eigenvalue associated with the i th eigenvector, v i t . There are M eigenvalues and eigenvectors. The eigenvectors can be arranged in order of importance based on their corresponding eigenvalues since the eigenvalues are a direct indication of the average "energy" associated with each mode. In the case of chemiluminescence images, "energy" refers to the contribution of each mode to the variance of the data set about its mean.
The mode shapes (a i j ) are found from the eigenvectors as,
where T represents the transpose of the eigenvector. We define O j t i as the i th mode of OD j t as,
Thus,
In order to reduce the order of the original data to form a reduced data set, RD j t , that contains only the key features, it is first necessary to find the percent of "energy" of OD j t that each mode contains defined as, (10) where e i is the fraction of the total variance accounted for by each mode. For this study, a mode is considered to be a principal mode (PM [26] .
The reduced data set can now be defined as,
where h is defined as the total number of principal modes. Any modes that are not principal modes are considered noise or unnecessary features of the original data. The reduced data is now equivalent to the original data in important content, with a lower order and less noise, and the reduced data is in the same format as the original data.
EXPERIMENTAL SETUP
The current experiment used a stainless steel Rijke tube resonator as a combustion chamber that exhibits natural thermoacoustic interactions, meaning no speakers or imposed oscillations of any kind were used for coupling. The tube had a square cross section of 9.02 × 9.02 cm, was 140 cm tall and open at the top and the bottom. Flat quartz viewing windows were fixed to the outside of the Rijke tube on all sides for optical access as shown in Fig. 1 .
A round feed tube was placed in the square Rijke tube through the bottom to hold a conical flame in the center of the Rijke tube cross section. The top of the feed tube was placed at ~L/4 from the bottom of the Rijke tube, where L is the length of the tube. This height was chosen because it was found to be the location in which a pressure transducer, placed below the feed tube as shown in Fig. 1 , measured the highest amplitude of thermoacoustically coupled pressure. A premixed methane-air flame was held on the top of the feed tube (inner diameter ~3 cm) with a 0.2-cm wide bluff-body ring fixed concentrically to the top of the feed tube with four small pins. The bluff body created an inner conical flame that coupled strongly with the acoustic field, and an outer conical flame that coupled less strongly and was not necessarily symmetric when coupling occurred. At no time did any flame fronts touch the sides of the Rijke tube. A schematic of the Rijke tube is shown in Fig. 1a . Additional details on the combustor are presented by Kopp-Vaughan et al. [4] .
Premixed methane and air were metered by manual pressure regulators through choked orifices and were mixed over 100 feed tube diameters downstream to ensure thorough mixing. The base of the feed tube was fitted with two wire mesh screen disks held in place by tension ∼1.25 cm apart. Between the screens were small glass beads that acted as a flow distributer and flame arrester in the case of flashback. CH* chemiluminescence imaging was performed on flames undergoing thermoacoustic interactions at several equivalence ratios (φ). Table 1 lists the equivalence ratios used and the Reynolds numbers of the reactants in the feed tube. For each flame, 20 long pressure traces were recorded from a PCB Piezotronics pressure transducer without amplification. The long pressure traces consisted of 10,000 measurements at a frequency of 20 kHz. An average of these long pressure traces was used to find the frequency of the acoustic oscillations within the Rijke tube and to find the average root mean square (RMS) pressure at the pressure transducer for each flame. The frequency within the tube was found to be 158 Hz +/− 7 Hz for all flames. For each individual flame, the standard deviation of the measured frequency within the tube over many repeated measurements was less than 0.6 Hz.
Chemiluminescence images were taken with a Flow-Master CCD camera with a 55-mm Nikon lens assembly attached. Each chemiluminescence image was an on chip integration of 15 exposures, where each opening of the camera shutter was phase locked to the acoustic oscillations. Phase locking was accomplished by triggering from a time delay set in software from the peak pressure in an acoustic oscillation as read from the pressure transducer. The signal from the transducer was amplified with a Stanford Research Systems DC amplifier for triggering. For each time step, 10 images were collected and averaged and the time between image data sets was 1 ms. A schematic of the chemiluminescence set up and triggering is shown in Fig 1. In all flames, the ripples on the flame sheet advect from the flame holder to the top in a repeating pattern. An example of this is shown in Fig. 2 through one period of the acoustic oscillation in a flame. A sample of CH* chemiluminescence images is shown in Fig. 3 for three flames where the time step shown represents the peak of the pressure oscillation. Images of flame ripple advection throughout time are reported in [4] for these flames. Two flame fronts are evident in Fig. 3 . The outer flame is formed by gases that flow between the bluff body ring and outer tube wall. This outer flame does not couple strongly with the acoustic oscillations. The inner conical flame formed from the inside of the bluff-body ring is strongly coupled and ripples in the flame front shape are clearly evident. Although the Rijke tube has a square cross section, the inner flame itself is nearly axisymmetric due to the round feed tube for the conical flame. Jeon et al. [32] , Kendrick et al. [33] , and Oh et al. [34] , with a similar experimental facility, utilized an Abel transform on images of a conical flame inside their square chamber. Specifically Oh et al. used an Abel transform to successfully identify flame fronts from chemiluminescence data of acoustically forced flames in a square duct. In the current measurements, some of the flames are axisymmetric, as apparent in Fig. 3b ; however, some flames show a helical perturbation as apparent in Fig. 3a . For these non-axisymmetric cases an Abel transform is insufficient to determine the flame front. For all cases, the POD method was found to identify the flame front as discussed in the next section.
The Abel transform used here is described in [35] where it was specifically used to map CO 2 absorption through an axisymmetric flame with known radius. Villarreal and Varghese [35] identify an error in the inversion matrix of other works that use an Abel transform, specifically in the upper diagonal terms in the inversion matrix. This correction is taken into account for the Abel transform comparison in this work. It is important to note that the Abel transform is not a focus of this work. It is simply used as a known method of finding flame fronts for conical shaped flames and is only presented in order to compare flame fronts found from the chemiluminescence images.
IMAGE PROCESSING
Each chemiluminescence exposure was triggered with a time delay from the maximum pressure measured by the transducer in order to phase-average images; however, the pressure transducer was not located at the flame. The Rijke tube was created to operate at several tube heights and varying the tube height changes the position of the flame for optimal coupling. The pressure transducer location was chosen such that for any reasonable flame location no thermal damage was done to the transducer. Equation 2 allows the pressure perturbations to be found throughout the flame's height even though the pressure transducer is below the flame. Root mean square pressures presented in this paper represent the RMS pressure (P RMS ) corrected to correspond to the axial height at the base of the flame [4] .
POD was performed on each set of images for each flame as described in section 1.2 where OD j t are the intensity values from the CH* chemiluminescence images and the time between successive data was 1 ms. There were six time steps during the acoustic period for all flames studied as shown in Fig. 2 .
In thermoacoustically excited flames a major feature of the flame shape captured in chemiluminescence images is the ripples that appear on the flame fronts. In an axisymmetric flame, these ripples also exist out of the focus plane and contribute to the integrated signal in these images. Examining Fig. 3 , the rippled flame front in the focus plane is blurred by these out of plane contributions. POD was used to find the mode shapes of each flame studied and the original data was then projected onto the POD modes in order to find the contribution of each mode to the original data. This method of POD does not conserve the original intensities in the reduced data and causes a nominal constant offset from <OD>. However, only the shapes of the flame are used for further analysis and this constant offset does not impact the results. Using POD, the principal modes accentuate the ripples in the flame front that are most in the plane of focus. Thus, because the flame front ripples in the focal plane are a key feature, POD can be used to partially reduce the contribution from line of sight integration by not using modes associated with these features for the reduced flame image (RD j t ). In general, flame fronts can be tracked by CH* chemiluminescence in methane-air flames because CH* is produced in the reaction zone and is short lived. After POD has been used to isolate the in-plane contributions to the signal the flame front can be identified as the maximum in intensity from RD j t . Figure 3 also shows the reduced order image from POD of the maximum pressure time step for three flames. Note that the blurred flame fronts from the original date are significantly clarified in the reduced data set due to the reduction of out-of-plane contributions being expressed in higher order modes of the POD. The location of the flame front in each reduced data set was found for each axial position, x, by identifying the radial location of maximum intensity, f(x). The radial flame position f(x) was smoothed by a three point moving average in the axial direction prior to additional analysis. As shown with the results, this maximum intensity method of finding the flame front is sufficient for these inner conical flames. Figure 4 shows the flame fronts found from POD for all flames in Table 1 . Only the maximum pressure time is shown, but it is typical of the algorithm's ability to find the flame fronts for the thermoacoustically excited inner conical flames. The flame fronts presented in Fig. 4 are shown on top of the original CH* chemiluminescence data (in false color). Note that the flame front is situated toward the outward side of the blurred region caused by line of sight integration. Thus, the flame front identification is similar to that recovered by Abel inversion; however no assumptions of axisymmetry are required and the algorithm functions equally well for flames with helical flame front oscillations.
RESULTS AND DISCUSSION
4.1. Flame area POD was performed on the chemiluminescence images of all flames in Table 1 . Each flame required at least three principal modes, referred to as PM (i) , to produce the reduced data set. As discussed subsequently, the first three modes represent 99% of the energy in the chemiluminescence image fluctuations for most flame cases; thus only three modes are necessary to capture the flame shape. Higher order modes are examined in Section 4.
3. An example of principal modes 1-3 is shown in Fig. 5 . Each mode shape shown is normalized by the maximum intensity in that mode for uniformity. For all flames, PM (1) attributes mostly to the average shape of a conical flame with only slight rippling of the flame front. Since the first mode is essentially the average of the flame its contribution does not fluctuate in time, as discussed more thoroughly in Section 4.3. PM (2) and PM (3) account for the positions of the ripples throughout the acoustic cycle. The different position of the ripples for different time steps is caused by varying weights of PM (2) and PM (3) through the time-dependent bases v j t . As the weight of the two secondary modes alternates, the acoustic ripples advect up the flame front. Any position of the ripples can be represented by a linear sum of modes 2 and 3.
In order to compare the flame front found from POD to that found from a more conventional Abel transform, the φ = 1, Re = 2108 flame was chosen since this case yielded the cleanest Abel transform due to its symmetry. The raw flame front found via Abel transform was also smoothed by a three point moving average. Figure 6 shows the flame front from POD and an Abel inversion superimposed on the original data for a sample time step. The flame front found from POD is less noisy then the flame front found from the Abel transform although there is reasonable spatial overlap from the two methods. The Abel transform fails when the flame front is close to the axis of symmetry as expected. POD is shown to do a better job of flame front finding in this region near the tip of the coupled flame front. It is interesting to note that PM (2) and PM (3) in Fig. 5 show some asymmetry in the outer flame that is only weakly coupled to the acoustics. This lack of symmetry makes performing a successful Abel transform difficult on this flame, even though the inner flame is fairly symmetric. As Figs. 4 and 6 show, the flame front can be found using POD without any prior knowledge of the flame symmetry.
Once the flame fronts were obtained, the surface area of flame, A, was found for each time step as is detailed in Kopp-Vaughan et al. [4] . The perturbation of the flame from its mean was characterized by the maximum difference in the instantaneous and average flame area, normalized by the average, A′ (max) = (A max − A mean )/A mean . Figure 7 shows this data versus the RMS pressure along with the same results from OH-PLIF measurements [4] . There is good agreement between the data found from the OH-PLIF measurement and the relatively simpler CH* chemiluminescence imaging when POD is used to find the flame fronts.
The previous work also demonstrated a correlation between the RMS pressure at the flame and the average flame area normalized by a turbulent flame area, A*= , ∀ where is the flow rate in the feed tube and S t is the Zimont-Lipatnikov turbulent flame speed [36] . The turbulent flame speed evaluation used an assumed turbulence intensity of 10% and the radius of the feed tube for the mixing length, as also used in [4] . Figure 8 shows the time averaged area ( -A) normalized by A* for data obtained through chemiluminescence imaging along with that from OH-PLIF in Kopp-Vaughan et al. [4] . Each case with a different P RMS corresponds to a different equivalence ratio and flow rate as listed in Table 1 . Thus the average flame area is changing partially due to flow conditions. The two data sets agree well; thus both the average area growth (Fig. 8 ) and the instantaneous fluctuations (Fig. 7) are well represented by the POD results on chemiluminescence imaging as compared to PLIF [4] .
Spatially resolved rayleigh index
The Rayleigh criterion is an important tool in studying thermoacoustic interactions to define the strength of coupling. This is particularly true for unforced flames, when forcing amplitude cannot be assigned as a parameter. As described in Eq. (1), time resolved pressure and heat release data are needed to define R. While temporal knowledge of the pressure shape and amplitude is not always easy to obtain, in the Rijke tube the pressure mode shape is well defined. A psuedo Rayleigh index, R*, was computed where q′ is estimated from the chemiluminescence intensity perturbation as in Broda et al. [37] , and p′ is found from the time resolved pressure trace and Eq. (2) . An example of R* is shown in Fig. 9 where the acoustic coupling is located along the inner flame only. The contribution to R* from each of the POD modes can be explicitly computed by replacing q' with the contribution to q' from that mode. In the present
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Figure 7:
The maximum area perturbation with respect to RMS pressure in Pa at the flame holder. The data from PLIF area measurements is from [4] . flames, the second principal mode has the largest contribution to the Rayleigh index. Figure 9 includes PM (2) for this flame multiplied by p'. The correlation between PM (2) averaged over time and R* is included in Table 1 (Corr.) . A good correlation is observed between time averaged PM (2) and the pseudo Rayleigh index with this mode containing between 65 and 93% of the acoustic coupling for all flames. As discussed previously, the flame in this Rijke tube is stabilized by a ring bluff body at the exit of the feed tube in Fig. 1 . Most of the premixed fuel and air burns in the inner conical flame; however a small portion of the premixed gases flow between the ring bluff body and tube wall to create the outer flame clearly seen in the chemiluminescence images of Figs. 2 and 3 . In the spatially resolved Rayleigh index of Fig. 9 , it can be seen that this outer flame shows no coupling to the tube acoustics as compared to the inner flame. This was also observed in the raw chemiluminescence images where little perturbation of the outer flame was observed. This method of using POD to identify the spatial shape of the Rayleigh index as in Fig. 9 can accentuate the regions of a flame contributing to the thermoacoustic coupling.
Higher order modes
After the flame fronts were found, POD was then performed again on only the flame front positions. In this case, eigenvectors and principal modes were all studied using the adjusted data (AD) as would be seen in traditional POD analysis. The average energy contributed by each mode over all time steps is shown with respect to Reynolds number in Fig. 10 . For flames with Re < 3100 only three principal modes were required (e 4 <1%) while for Re>3200 a fourth principal mode was required. The number of principal modes was also examined versus RMS pressure but no correlation was apparent. There are two flames with the same Reynolds number (φ = 1.05 and 0.85 and Re = 3045). It is interesting to note that although the average root mean square gauge pressure (RMS pressure) recorded in the Rijke tube differs by a factor of 1.7 they require the same number of principal modes. This suggests that the bulk flow rate near transition has a greater impact on the complexity of flame shape then the pressure from the thermoacoustic interaction. As the Reynolds number increases a general trend is observed: PM (1) decreases, while PM (2) and PM (3) increase. There is no clear relation seen between the percent energy of the principal modes and the pressure found in the Rijke tube.
In order to understand the relationships in Fig. 10 the magnitude of the eigenvectors (V i t ) are shown in Fig. 11 . Only flames where mode 4 is a principal mode are shown in Fig. 11d . For the first mode (i = 1), all of the bases have a relatively constant magnitude indicating that the weight of this mode is similar for all time steps and all flames. The nearly constant weight results from the flame retaining a general conical shape at all times.
After POD was performed on the entire images, it was performed again on just the flame fronts. Figure 11b and c show the weights of V 2 t and V 3 t from the flame front POD, respectively. The second and third principal modes are responsible for the ripples in the flame front. The phase shift of V 3 t with respect to V 2 t and the oscillatory behavior of the second and third eigenvectors is responsible for ripple advection and therefore the second and third modes are responsible for the flame's reaction to thermoacoustic coupling (i.e. ripples in the flame front).
The oscillation of magnitudes in both the second and third basis have the same period as the primary acoustic oscillation within the Rijke tube. This shows that the flame shape of flames undergoing self-excited, self-sustained thermoacoustic interactions repeats at the frequency of the pressure oscillation, as was found by [22] and [27] for flames undergoing forced thermoacoustic oscillations. This is not surprising, but results directly from the bases of POD without the imposed assumption of an oscillatory basis shape. In Fig. 11d it can be seen for flames where there are four principal modes that the shapes of V 4 1 is also oscillatory. The fourth basis is attributed to higher frequency shapes in the flame front as can be seen by the higher frequency of the basis oscillation when compared to the oscillations of the second and third bases.
CONCLUSIONS
POD applied to chemiluminescence images was used to determine flame shape and area in flames undergoing self-excited, self-sustained thermoacoustic interactions in a Rijke tube combustor without any assumption on the functional form of either the basis shape or the flame symmetry. Three principal modes were found to be necessary for all flames studied. The first mode represents the average conical shape of the flame. The second and third modes represent ripples in the flame front responsible for the fluctuating surface area. The second mode was found to be strongly correlated to a pseudo Rayleigh index when averaged over time. The flame fronts found from the POD of the CH* chemiluminescence measurements were able to obtain similar quantitative trends in area oscillation and normalized area to those found previously using OH-PLIF measurements.
